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ABSTRACT

This thesis studies the diameter of the Special Linear and Symplectic groups

over finite fields with prime order.

We shall establish two bounds on its diameter of SL,(p) with respect to
a small, well known generating set. This partially solves a problem by
Lubotzky. Then we use one of these bounds to establish an upper bound
on the mixing time of the Special Linear Group given by the uniform ran-

dom walk on this generating set with the identity.

Finally, we establish similar bounds for Spa,(p).
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1. INTRODUCTION AND STATEMENT OF RESULTS

1.1 Group Diameters

Let G be a finite group with a symmetric generating set S (note that a
generating set is said to be symmetric if s € S = s7! € S). Each element of
G can be written as a product of a finite number of elements of S. We define
the length of g with respect to S, denoted lg(g), to be the smallest positive

number £ such that g = s155...s; with the s; € S.

Let H be any subgroup of GG. Then the diameter of H with respect to S,
denoted l5(H) is defined as follows.

ls(H) = max{ls(h): he H}

We may also define the diameter of G with respect to a given generating set

in terms of an associated graph.
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A graph I'(V, E) is a set of vertices, V, with an associated set of edges, F,
where E is a subset of V' x V. If there is an edge between two vertices of
a graph, the vertices are said to be adjacent. We denote an edge between

vertices v; and vy as (vy,v9) € E.

Given two vertices v,, v, € V, we say there is a path of length k£ between v, and
vy if there are vertices vy, va, ...vx_1 € V such that (v,, v1), (v1,v2), ...(Vg—1, vp) €
E. The distance between v, and v,, denoted d(v,, vp), is the smallest number

k such that there exists a path of length k& between v, and vy.

We define the diameter of a graph I'(V, E) to be the largest number m such

that there exist vertices v, and v, with d(v,, vy) = m.

Given a group G and a symmetric generating set, S, we may define an as-
sociated graph X (G, 5), called the Cayley Graph of G with respect to S, as
follows. We set the vertex set of X (G, S) to be the set of elements in G and
we define the edge set by setting (g;, g;) € F if and only if g; = sg; for some

seS.

Note that the diameter of the Cayley graph X (G, .5) is the same as lg(G).

Lemma 1.1.1: Let G be a group with a generating set S. Then we have

ls(G) > log|G| 1.

= log|S|

Proof.
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For ease of notation I will use d = lg(G).

Note that each element of G can be written as the product of at most d
elements of S. So for each g € G we have g = s15953....5; where each s; € S
and 0 < k < d. There are at most |S|* expressions of this form. This gives

us that

d
Gl <> ISk
k=0

B ]S|d+1—1
EE

S ’S|d+1

Taking logs we now have

log |G| < (d+ 1)log|S]

1
and so d > 18l¢l
log|S|

In [1], Babai, Lubotzky and Kantor show that, if G is a simple group, then

there exists a generating set S of G such that |S| < 7 and [5(G) < mlog|G].



1. Introduction and Statement of Results 4

Here m is a constant that is approximately 10'°. However the Sg are compli-
cated and difficult to construct. There are several open questions surrounding

the diameters of groups with respect to more natural generating sets.

In [8] (problem 8.13), Lubotzky conjectured that, if G = SL,(p), there is a
natural generating set, S, such that [5(G) is of order log |G|. More precisely,

there exists a constant C such that

I5(G) < Clog G,

Since log |G| is roughly n? log p, Lubotzky’s conjecture would mean that [s(G)
would be Cn?logp for some constant C. By 1.1.1, if |S| is bounded, this

bound is tight up to the constant.

The generating set in Lubotzky’s conjecture is defined as follows. Let the
standard basis of (F,)" be denoted by ey, s, ...e,,. Define y to be the matrix
in G that sends e; to e;1y for i = 1,2,3,..n — 1 and sends e, to (—1)""'e;.

That is

(!
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Define = to be the transvection 1 + e; 9, i.e

We define S to be the set {z*! y*1}.

In Chapter 3 we take Lubotzky’s suggested generating set, S, and prove the
following diameter results, which go some way towards proving Lubotzky’s

conjecture.

Theorem 1.1.2: The diameter of SL, (p) with respect to S is at most 50n%p.

Theorem 1.1.3: There exists a constant K, which is not dependent on n and

p, such that the diameter of SL,(p) with respect to S is at most Kn?log p.

Remark 1.1.4: We may bound K above very crudely by 36500.

In chapter 5 we generalize this to the Symplectic Groups, Spa,(p), over fields

with prime order. We construct a generating set, S’ as follows.
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Using the same notation as in our definition of S, define v to be the matrix

and w to be the product

-TJ

where M~T7 is the matrix obtained by taking the inverse of the transpose
of a matrix M, and conjugating by a fixed matrix J which will be described

later. Define S’ to be the set {v*! w*!}.

Note that we have chosen this generating set because, as in the case of
our generating set of SL,(p), this set contains a short root element and

an element of the Weyl Group of Spy,(p).
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We have the following two Theorems about the diameter of Sp,,(p) with

respect to S’.

Theorem 1.1.5: Let p be an odd prime. Then the diameter of Spy,(p) with

respect to S’ is at most 187n?p.

Theorem 1.1.6: Let p be an odd prime. Then the diameter of Sps,(p) with
respect to S’ is at most Kn?log p, where K is a constant that is not dependent

on n and p.

Lubotzky’s conjecture for SL, (p) was recently shown to be true in the paper
by Kassabov and Riley, [7]. This used a different, less elementary method
than mine to prove the result. My bound is better for small values of p.

My results about the diameter of Sps,(p) are completely new and have been

published in [10].

1.2 Random Walks on Groups

Let G be a finite group with generating set S = {si, s9,...5x}. Let P be a

probability measure on G, so P(g) > 0 for each g € G and >_ ., P(g) = 1.

Consider the process where at each step we choose an element of G with

probability given by P and study the evolution of the product of all the
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chosen elements. This process is called the random walk on G generated by

the probability measure P.

For example, a random walk can be used to model the following scenario.
Suppose there are n cards labeled 1 to n from left to right. A process is
carried out where, at each stage, one card is chosen at random, and then
another, with repetition allowed. The two cards are interchanged or, if the

same card was chosen both times, the cards are left alone.

We are interested in the order of the cards after k steps of this process have

been carried out.

This can be modeled as follows. The order of the cards can be thought
of as an element of S,,. For example, if the only first two cards have been
interchanged, we can view the new order of the cards as the permutation

(1,2) € S,.

At each step a permutation, is chosen using the probability measure P where

2 if g is a transposition

3

P(g) = % if g is the identity
0 otherwise.

This permutation is applied to the cards. The order of the cards after k steps
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of this process is the product of the k£ permutations that have been chosen.

If, after k steps of a random walk, the product of all the chosen elements is g,
we say that the random walk is at g after k steps. We define P** : G — [0, 1]
by setting P**(g) to be the probability the walk generated by P is at g after

k steps.

We are usually interested in how large k has to be before the element pro-
duced by k steps of the walk is 'random.” By this we mean that P** is very

similar to the uniform probability distribution on G.

In order to formalize this concept we need to introduce the notion of a metric

on probability measures.

Definition 1.2.1: Suppose ) and R are probability measures on G. Then the

total variation distance between @ and R is ||@Q — R| where

1Q - Rl = ﬁz Q) - R(g)].

geG

To proceed, we will need to know when the probability distribution cor-
responding to a random walk converges to the uniform distribution. The

following section will show that convergence depends only on the elements

of G for which P(g) # 0.
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1.3 Convergence of Random Walks

Throughout this section, G' will be a finite group with a symmetric generating
set S. We will study the random walk given by a probability distribution P,

where P(g) = T[]]S| if and only if g € S.

The following well known Theorem gives us a condition which guarantees

that P** will converge to the uniform distribution, U on G.

Theorem 1.3.1: Let G, S and P be as described above. Then P** will con-
verge to the uniform distribution on G as k tends to infinity if and only if S
is not contained in a coset of a proper normal subgroup of GG of index 2. It

is not easy to find a published proof of this result so I provide one here.

We will need to make a few definitions before we prove 1.3.1.

Definition 1.3.2: Let I' be a graph with vertex set V. Then I' is bipartite if
there exist two disjoint, non-empty subsets of the vertex set, V; and V5, with
Vi UV, =V so that no two vertices in V; are adjacent and no two vertices

in V5 are adjacent.

We may label the elements of G as g1, g, ..., go- Now we can define a |G| X |G|

matrix, A = (a;;) as follows. The entry a;; of A is 1 if g; = sg; for some
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s € S and zero otherwise. We call A the adjacency matrix of G with respect

to S. Note that A is also the adjacency matrix of the Cayley graph I'(G, S).

Suppose now that P is a probability distribution as described in 1.3.1. We
may define a |G|- dimensional vector, py, as pr = (P**(g1), P*(g2), ...P*(gn))".

The is called the probability vector of P**.

1

Note that a;; = 1 if and only if g;g;” € S. So a;; = 1 if and only if

P(gigj_l) = %, where m = |S], and hence nllam = P(gigj_l).

Now
n

=1
So we have
P*(q1) 2?11 al,iP*kil(gi)
P*(gs) Soiy azi P (gi)
1
T m
P*k(gn) Z:'Lzl an,ip*k_l(gi)

1
= —App_1.
m

To prove 1.3.1 we will need the following well-known, elementary Lemma,
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which I shall state without proof.

Lemma 1.3.3: Let I" be a regular connected graph with valency m and adja-

cency matrix, A. Then

1) m is an eigenvalue of A with multiplicity 1. The eigenspace of m is

generated by (1,1,...,1).
2) if A is any eigenvalue of A, then || < m.

3) —m is an eigenvalue of A if and only if I" is bipartite.

Theorem 1.3.4: Let G, S and P be as described at the beginning of this
section. If the Cayley Graph of G with respect to S is not bipartite, we have

that ||[P** — U|| — 0 as k tends to infinity.

Proof. Let A be the adjacency matrix of G with respect to S. Define M to
be the matrix %A, where m = |S|. Since S is symmetric, M is symmetric so

M = TDT~! for some matrix T and some diagonal matrix D. Suppose

At
Az
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The A; are the eigenvalues of M. From 1.3.3 part 1), We know that precisely
one of these is 1. By part 2), we know that for any other eigenvalue, A, we
have |[A| < 1. Since the Cayley graph of G with respect to S is bipartite, we

know that —1 is not an eigenvalue of M.

So, we may assume that A\; = 1 and for ¢ > 1, |\;| < 1. Now,

M*p =TDFTp

tends to

as k tends to infinity. Define this limit as v.

Now M*1p also tends to v and so Mv = v. From 1.3.3 part 1) we know that
v =MA(1,1,....1)T. Also, since v is a probability vector we have \ = }1 and v

represents the uniform probability distribution on G. =

Lemma 1.3.5: If the Cayley graph X (G, S) is bipartite, then S is contained
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in a coset of a normal subgroup of G with index 2.

Proof. Since X (G, S) is bipartite we may divide the vertex set, V', into two

disjoint, non-empty sets V; and V5.

Without loss of generality, we’ll say that the vertex corresponding to the
identity lies in Vj. Then, since there is an edge between the vertex corre-
sponding to the identity and each vertex corresponding to elements of .S, each
element of S must lie in V5. Repeating this argument, we see that, if Ig(g)
is odd, the vertex corresponding to ¢ must lie in V5 and, if Ig(g) is even, it

must lie in V;. Hence the elements of g whose vertices lie in V; form a group.

This group is of index 2 and hence is normal. So, the elements of S lie in the

coset of a normal subgroup of index 2. m

Proof. (of 1.3.1) Suppose S is a symmetric generating set of G which is not
contained in a coset of a normal subgroup of G. Then from 1.3.5 we see that
the Cayley graph X (G, S) is not bipartite and so by 1.3.3 P** tends to the

uniform distribution as k tends to infinity.

Conversely, if S is contained in the coset of any normal subgroup, say Ng,
where N is the normal subgroup and ¢ is a coset representative, then the
support of P** will be contained within N¢*. Hence P** is always zero on all

but |N| elements of G and cannot tend to the uniform distribution on G. m
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1.4 Mixing Times

Definition 1.4.1: The mixing time of G with respect to the random walk

generated by P is the smallest number, k, such that ||P* — U|| < (2¢)7*.

The reason we choose (2¢)7! is that, if ||[P** — U|| < (2¢)7!, then we can

guarantee that | P*™* — U|| decays exponentially as m increases linearly.

Many of the original problems on mixing times of finite groups were answered
by Persi Diaconis. Several problems were posed to answer the question of
how long it takes to shuffle a pack of n cards. The example given above
illustrates the model used to answer this question when the pack of cards is

shuffled by repeatedly interchanging two cards.

The mixing time of this 'Random Transposition’ walk was determined by
Diaconis and Shashahani in [5]. The method, which will be discussed in
more detail in Chapter 2, relied on the fact that the probability measure, P,

is constant on conjugacy classes.

In situations where the probability measure is not a class function, other
methods are needed to determine mixing times. A technique known as ’Com-
parison’ is used. As the name suggests, comparison involves comparing some
properties of the random walk being studied with those of another walk

which has already been studied. In order to use comparison techniques we
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will need to know an upper bound for the diameter of the group in ques-
tion. The techniques and results of Comparison will be discussed further in

Chapter 2.

We shall be studying a random walk generated by the uniform probability
on a small generating set. The generating set is not a union of conjugacy
classes and so we will need to use comparison techniques to work out its

mixing time.

In Chapter 4 we use comparison with the uniform random walk on the set of
transvections to determine a bound for the mixing time of SL,(p) given by
the following probability distribution, where x and y are as defined in section

1.1.

1 ,-1

g=mx,y,x ",y orl

(S

0 otherwise.

We shall show

Theorem 1.4.2: The mixing time of SL,(p) given by the probability distri-

bution Q is of order at most n®(log p)3.

In Chapters 6 we shall solve a similar problem for the Symplectic Group,
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Span(p). We use the probability distribution,

g=v,w,o L, wtorl

(S

Q(g) =

0 otherwise.

where v and w are as defined in section 1.1.

Theorem 1.4.3: The mixing time of Sp,, (p) given by the probability measure

Q described above is of order at most n®(log p)3.



2. PRELIMINARIES

2.1 Classical Groups

Let p be a prime and define F), to be the finite field with p elements. We use

V' to denote the vector space of dimension n over F,. Let Iy denote F,\{0}.

We define the general linear group, G L, (p), to be the group of n x n matrices

with entries in ), that have non-zero determinant.

Note that the diagonal matrices in GL,(p) form a subgroup which is isomor-

phic to (F})".

The special linear group, SL,(p), is the subgroup of GL, (p) which consists

of all the matrices with determinant 1.

The classical groups are subgroups of GL,(p) and SL,(p) that stabilise cer-
tain forms on V. We shall only need to deal with the Symplectic Group

which is defined as follows.
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If the dimension of V' is 2n, there exists a skew-symmetric, non-degenerate,
bilinear form on V. This is known as a symplectic form. Given a symplectic
form (.), on V, there exists a basis, ey, €s, ..., €, f1, fa, ..., fn with the following

properties. For all 4,j € {1,2,...,n} we have

(eie;) = (fi-f;) =0

and

(ei-fj) = 0ij = —(fj-€)

We define the symplectic group, denoted Sps,(p), to be the subgroup of

S Loy, (p) that preserves this symplectic bilinear form.

Now we discuss the structure of SL,(p). Fix a basis, ey, eg,...e, of V' and
define B to be the stabiliser in SL,(p) of {{e1,...e;) : i = 1,2,..n — 1.}
Then B is the group of upper triangular matrices in SL,(p). Define N to
be the stabiliser of {{e1), (€2),...{e,) }. Then N is the group of matrices with
precisely one non-zero entry in each row and column and is known as the

group of monomials.

The Weyl Group of SL,(p) is the quotient 5. The following important

result about the structure of SL, (p) has been taken from [2] (Theorem 8.2.2).

Theorem 2.1.1: Using the notation described above we have SL,,(p) = BN B.
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We may also define subgroups B and N for Spy,(p). In this case we let
e1,€3,€3, ...y, f1, fo,...fn be a basis as descibed above and define B as the

stabiliser of

{{e1,...e;) i =1,2,..n}

If we order the standard symplectic basis ey, e, ...€p, frn, fu_1, ..., f1 then B

is the subgroup of upper triangular matrices in Sps,(p). The subgroup N

is defined as the stabiliser of {(e1), (€a),...(en), (f1), (f2), .--(fn)} In Spon(p).

Again, N is just the subgroup of monomials in Sps,(p).

In the case of Spa,(p), the Weyl Group is isomorphic to the semi-direct
product 2".5,,. The subgroup 2" is the normal subgroup generated by the set

of matrices {t;|i = 1,2, ...,n} where ¢; sends e; to f; and f; to —e;.

Again [2] provides us with the following result about the structure of Spa,(p).

Theorem 2.1.2: Using the notation described above we have Sps,(p) = BN B.

Note that in general each classical group can be written as a product of

subgroups BN B. This is proved in [2].

For any matrix M denote MF to be the matrix obtained by reversing the

order of the columns of M. Now define J to be the matrix I%.
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Remark 2.1.3: A matrix M lies in Spy,(p) if and only if

0o J\ . 0 J
M MT =

—J 0 —J 0

This follows immediately from the definition of the symplectic form.

For ease of notation, given any matrix, M, I will denote (M 1T by M~7T

and JY(MH)TJ by M~17,

We will use the following property of Spa,(p) several times in Chapter 5.

Lemma 2.1.4: Let A and C' be matrices in GL,(p). Then the 2n x 2n matrix

where B is an n x n matrix, lies in Spy,(p) if and only if C' = A~T7  and

AJBT = BJAT.

Proof.

From the above remark we know that
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A B
0 C
is in Spay,(p) if and only if
~1 ~1
AT 0 0 J A B 0o J
BT C7T —J 0 0o C —-J 0
SO
A B 0o J AT 0 0o J
0 C —J 0 BT T —-J 0
and hence
—BJAT + AJBT AJCT 0o J
—CJAT 0 —-J 0

Now, looking at the bottom left hand quadrants of the matrices in the last
equation we have —CJAT = —J so C = JA™TJ™! = A~1/. Equating the

top left hand quadrants we have AJBT = BJAT.
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Corollary 2.1.5: Suppose M is a matrix in GL,(p). Then the map ¢ : SL,(p) —

Span(p) given by

is an embedding.

The transvections in SL,(p) are mapped by ¢ to the short root elements of

Sp2n(p)'

2.2 Two Useful Diameter Results

The following result about the diameter of SLy(p) from [1] will be needed to

prove Theorems 1.1.3 and 1.1.6.

Theorem 2.2.1: (8.1 from [1]) Let G = SLs(p) and let T be the set

Then T generates G and Ir(G) < mlogp for some constant m.

Remark 2.2.2: As stated in [1], a crude upper bound for m is 500.

The following result about SLsy(p) will be used in the proof of 1.1.6.
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Theorem 2.2.3: (proposition 2.2.2 of [9]) Let p be an odd prime. Define 2127
to be the subset of SLs(p)

Then the set { X (SLs(p), X3)}p prime is an expander family and hence Is2(SLa(p)) <

clog p for some constant c.

2.3 Mixing Times

Let G be a finite group and let P be a probability measure on G. Recall
from Chapter 1, that the mixing time of the random walk on GG generated
by P is the lowest number k such that ||P** — U|| < (2¢)~! where U is the

uniform distribution on G.

In order to determine the mixing time we need to know about P**. Usually
we only have information about about the probability measure P and know
very little about P**. We can begin to relate these two measures using the

idea of convolution.

Definition 2.3.1: Suppose ) and R are probability measures on a group G.

The convolution of ) with R, denoted @) * R is the probability measure on
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G given by

Q* R(g) =Y Qgh™)R(h).

heG

It is easy to see that P**(g) is given by P**~1 x P(g). Hence we see that

P* = (_.(PxP)xP)..x P)

(. /
-~

k times

To proceed further I will need to introduce the idea of a Fourier Transform

of a probability measure on G.

Suppose that p is an irreducible representation of G. The Fourier Transform

of P at p is given by

P(p)=>_ P(g)p(g).

geG

These Fourier transforms share many properties of Fourier transforms of
continuous functions. A property that will be particularly useful is that

Fourier transforms turn convolutions into products. By this we mean
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and so

P(p) = (P(p))".

In [3], Diaconis has shown that a Fourier transform P(p) can be used to

bound the mixing time of G given by P in the following Lemma.

Lemma 2.3.2: [The Upper Bound Lemmal]

Let P be a probability on a group GG. Then

* 1 % % *
| —U|? < szp”(P () P*(p))
p#1

where p*k(p)* is the complex conjugate transpose of P** (p).

Here the sum is taken over all irreducible representations, p of G with p # 1.
Now, if P is constant on conjugacy classes, then P(g) = P(hgh™!) for all

g,h € G. So for a fixed irreducible representation p we have
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P(p) = Y P(hgh™")p(hgh™)

geG

= p(h) (Z P(g)p(g)> p(h™")

A

= o(h) (P(p) p(h™)

for any element h of G. So p(h)P(p) = P(p)p(h) for all h € S,. Schur’s

Lemma now gives us that P(p) = ¢,I for some constant c,. Now since

P+ (p) = (P(p))*,

we have P**(p) = 5T and so Tr(P**(p)P*(p)*) = d,|c,|** where d,, is the

dimension of p.

Substituting into the Upper Bound Lemma we now have

. 1
IP = UIE < 5> ey
p#1

Now if we bound ¢, we will be able to find an upper bound for the mixing
time for the walk generated by P. To illustrate how this can be used to find

bounds for mixing times, we return to the random transpositions example
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that was introduced in Chapter 1.

Recall that

P(p) =c,I = P(g)p(9)-

ge€Sn

Taking traces we get

dpcy =Y P(9)x,(9)

gESH

n(n—1)

where x, is the character of p. We know that P takes value % on the ==

transpositions, takes value % on the identity and is zero everywhere else.

Substituting in the values of P(g) into the above equality, we get

dyc, — (@) (%) Xo(7) + xlid)

where 7 is a transposition. Simplifying this gives
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and the Upper Bound Lemma gives us

o S (U0 (47) 1)

p#1

Bounding this expression requires some detailed knowledge of the Represen-

tation Theory of the Symmetric Group. Diaconis and Shashahani used a

formula by Frobenius that relates the character ratio, Xg—(ﬂ , to the shape
7]

of the diagram of the corresponding A-tableaux to establish that the largest

term in the sum corresponds to the n — 1-dimensional irreducible represen-

tation.

The largest term to bound is

(n = 1(1 - 2

Using Stirling’s formula and a MacLaurin expansion we have

(n — 1)2(1 — E)% _ 6210g(n—1)+2k(1—%) _ e—%+210gn+o(ni2)
n

Now if we put k = %nlogn + cn, the above decreases exponentially with c.
Hence the mixing time of .S,, given by the random walk generated by P is of

order nlogn. More detail about how this sum was bounded is given in [4].
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2.4 Comparison

If we have a probability measure that is not constant on conjugacy classes,

the techniques described above do not help us.

A probability measure P on a group G is defined as being symmetric if for
each ¢ € G we have P(g) = P(g™'). If a probability measure on a group
has this property, we may use a method known as Comparison to bound the
mixing time of the group given by that measure. The Comparison results in

this section are taken from [4].

Let @ be a symmetric probability on a finite group G. We may associate a
|G| x |G| matrix, M, to @ with My = Q(st™'). Since the matrix M has real
value entries, is symmetric and is doubly stochastic, the Perron-Frobenius
Theorem states that its eigenvalues, mg, 7 ...mg -1 have the property 1 =

™0 Z T1... 2 T|Gl-1 Z —1.

Lemma 2.4.1:
AQ* —U|* < |Glmok

max

where 7,0, = max{m, |mq -1}

From this we see that if we can establish bounds on the eigenvalues of the

matrix, M, we can find upper bounds for the mixing time given by Q).
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We may bound the smallest eigenvalue using the following Theorem from [4].

Theorem 2.4.2: If ) is a symmetric probability function on a symmetric set
of generators of a finite group, the smallest eigenvalue of ), mg|—1 is bounded

below by —1 + 2Q(id).

We can bound the other eigenvalues by using properties of L*(G), the linear
space of all real functions on GG. Usually the eigenvalues of () can be bounded
in terms of the eigenvalues of another walk, which we’ll denote by Q, that

we already know something about.

Define an inner product on real valued functions on G by

(fofo) =D fils) fals).

seG

If () is symmetric, it defines a Laplace operator on the space of all linear

functions on G. This is given by

(I-Q)f(s) = f(s) =D fH)Qts™)

and has eigenvalues 1 — m;. There is a quadratic form associated with this

operator. It is given by
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and is known as the Dirichlet form.

Theorem 2.4.3: Let Q and ) be symmetric probabilities with eigenvalues
{Wi}Lz‘O_l and {ﬁi}‘iﬂ)—l respectively and associated Dirichlet forms e and €.

If there exists a constant A > 0 such that £(f, f) < Ae(f, f) for all f, then

1—7;

1 for all 4.

we have m; <1 —

A value for A is given by the following theorem from [4]. Recall that a
generating set S of a group G is symmetric if for each z € S, we have

xtes.

Theorem 2.4.4: Let Q and Q be symmetric probabilities on G. Let S be a

symmetric generating set and let S be the support of (). Then ¢ < Ae for

Here N(s, g) is the minimum number times s appears when g is written as a

product of elements in S, and |g| = ls(g).

To illustrate how these results may be used, we shall use comparison with
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the Random Transpositions example to work out the mixing time of S,, given

by the following walk.

Let S = {id, (1,2),(1,2,....,n),(1,2,....,n)"'} and define P to be the uniform
distribution on S. It can be shown that any transposition in S, can be
written as a product of at most 3n elements of S. We’ll use comparison with

the random walk on transpositions given by the probability distribution

% if g is a transposition

e
—~
K
N~—

Il
|~

if g is the identity

0 otherwise.

Substituting this into the theorem, we get that A < 36n2.

In order to apply any of the other results we need to know the eigenvalues
of the matrix corresponding to P. In [5], Diaconis and Shahshahani have

shown that the largest of these, 7y, is 1 — %

Now 2.4.3 gives us that m <1 — L

18n3*

The smallest eigenvalue can be bounded using 2.4.2. This is greater than or

equal to — %

Recall e, = max{my, |mg—1|}. From the above we have 7,0, = |mjg-1] <

1— 1

18n2*
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Using the bound for the smallest eigenvalue in 2.4.1 we have

4|Q" — U] < |Glmi*

1
<nl(l-— 2k
< nl( 18n3)

)
<exp|nlogn — :

18n3

2k
18n3

So the mixing time decreases exponentially as decreases by multiples of

nlogn, so k will have to be of order n*logn.

Note that in [4], Diaconis shows that this bound may be improved to n?logn.

It can also be shown that this bound is tight.

2.5 Mixing Times of Classical Groups

The random walks on the classical groups we will be studying are not gen-
erated by class probability functions. Hence we will need to use comparison

techniques to bound their mixing times.

The following result comes from [9] (page 175).

Theorem 2.5.1: Let P be a probability function on G such that the support of

P is a single conjugacy class, C, and P is constant on C. Then the eigenvalues
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XP(C)
dp 7’

of the matrix, M associated with P are precisely the character ratios
where p is an irreducible representation of G, d, is the dimension of p and

X,(C) is the value the character of p takes on the elements of C.

In the case of SL,(p), we will use comparison with the set of transvections
to find a bound for the mixing time given by the probability function ) on

our generating set, where () is given by

1 ,-1

g==z,y,x ",y ~orl

(S

Qlg) =

0 otherwise.

Here z and y are the elements of our generating set S, which was defined in

Chapter 1.

Let T be the set of transvections in G and let @ be the uniform distribution
on T. The random walk on G generated by @ has an associated matrix M.
Since the support of Q is the single conjugacy class, T, the eigenvalues of M

are the character ratios

t
{ Xo(?) : X, is an irreducible representation of G}
Xp(1)

where t € T'.

In his paper, [6], Gluck has shown that these character ratios are bounded
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above by é—g in the following theorem.

Theorem 2.5.2: Suppose G is a quasi-simple group of Lie type. Then, if y is

an irreducible representation of GG, we have |%| < 3 for all 2 € G\Z(G).

Using this bound in 2.4.3 will give us a bound on the eigenvalues of the
matrix associated with (). Then, by applying 2.4.1 we will be able to get a

bound for the mixing time of GG given by the random walk generated by Q.

In the case of Spa,(p) we set @ to be the probability function

Ot =

Qlg) =

0 otherwise.

where u and v are the elements of the generating set S’ described in Chapter

D.

The set of short root elements in Spy,(p), is the conjugacy class v“, where
v is the element of our generating set S of Sps,(p) , described in Chapter 5.
We will use comparison with the set of short root elements to determine the

mixing time of Spy,(p) given by the following probability function.

We define Q to be the uniform probability function on v®. As before, we
can bound the eigenvalues of M, the matrix associated with @, using 2.5.2.

Again the eigenvalues of the matrix associated with M are bounded above
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From this and 2.4.3 we obtain a bound for the eigenvalues of the matrix
associated with ) and 2.4.1 will give us a bound on the mixing time of

Spaon(p) with respect to the probability function Q.



3. THE DIAMETER OF THE SPECIAL LINEAR GROUP

3.1 Proof of Theorem 1.1.2

Let G be SL,(p), the Special Linear Group of n x n matrices over [F,,. In this
chapter we will establish two bounds on the diameter of G with respect to

the generating set {z*!, y*!} which was described in Chapter 1.

For convenience, we recall the definition of x and y. We use the standard
notation e; ; to denote the matrix with 1 in position (7, j) and zeroes every-
where else. Define F; ; as the matrix I 4 ¢; ;. To illustrate the proofs we will

display n x n matrices with the zero entries omitted.

As in Chapter 1, we may define a generating set, S, of G as follows. Let the
standard basis of (F,)" be denoted by ey, s, ...e,,. Define y to be the matrix
in G that sends e; to e;1 for i = 1,2,3,..n — 1 and sends e, to (—1)"e;.

That is
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(=1 tt
1
y= 1
1
Define x to be the transvection E} », i.e

11

1
xrx =

1

Set S = {2*!,y*'}. In this chapter we shall show that S generates G and
bound the diameter of G with respect to S. For g € G we will denote
the length of ¢ in S by Ils(g). If H is a subset of G we define Ig(H) =
max{lg(h)|h € H}.

Most of this chapter will be devoted to proving Theorem 1.1.2,
The diameter of SL,(p) with respect to S is at most 50n?p.

Theorem 1.1.3, the statement of which was
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There exists a constant K, which is not dependent on n and p, such that the

diameter of SL,(p) with respect to S is at most Kn?log p.
will then be deduced at the end of the chapter.

In Chapter 2 we saw how G can be written as the product BN B where N is
the subgroup of monomial matrices and B is the group of upper triangular
matrices. Since any matrix in B may be written as the product of an upper
uni-triangular matrix and a diagonal matrix, we may write G = UNU where

U is the group of upper uni-triangular matrices.

We shall bound the diameter of G by bounding ls(U) and Ig(N). To do this

we shall make use of the following identities.

i1 Aair2 -+ Q1pn a1 a1 tare 0 Ay
Q21 Q22 -+ G2p Q1 G271+ G -+ Qon
Tr =
pi1 Qp2 *° Qpn ap1 QAp + Qp2 *°° Apn
a1l Qi o Qg a11+tagy aiz+tass -+ ar,+azy
Q21 Q22 -+ Q2n az Q22 s a2 n

apn1 Ap2 - QApnp Ay, 1 Qp 2 e Qpn



3. The Diameter of The Special Linear Group

41

Q12 013 Q1n —ai11
ail Aai2 ain
Q22 A23 Q2pn  —0a21
az1 A22 a2 n
y:
an,l an,2 an,n
Qp2 Ap3 - Qpp —0ap1
—Qp1 —Aap2 —Qnn
@11 dir2 - Qip
aia 12 ain
Q21 Q22 -+ Q2n
y =
ap—21 0ap—22 An—2.n
ap1 Ap2 - Qpp
Qp—-11 Qan-—1.2 Qp—1n

We think of a post-multiplication of a matrix by = as adding the first column
of the matrix to its second column. Similarly post-multiplying a matrix by

2~ subtracts the first column from the second column.

We may view pre-multiplication by x as adding the second row to the first

1

row. Pre-multiplication by 7" corresponds to subtracting the second row

from the first.

Post-multiplication by y applies the permutation (1,n,n — 1...,3,2) to its
columns and multiplies the nth column by (—1)"*!. Pre-multiplication by

y applies the permutation (1,2,3,..n) to the rows and multiplies the top
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row by (—=1)""!. Multiplication by y~! reverses the operations described

1

above, so, for example, post multiplying by ¥y~ multiplies the nth column

by ((—1)"*! then applies the permutation (1,2,...n) to the columns.

Construction of N

The matrices in N have precisely one non-zero entry in each row and column.
Fix a matrix X € N with entry z; in row ¢. There exists a permutation

7 € S, such that for each i, z; appears in position (i, 7(7)) of X.

We shall construct X (i.e., express X as a product of elements of S) by
first constructing a matrix P, where P is monomial with entries of +1 in
positions (7, 7(7)). Our first aim is to construct the transposition matrices,
{t;; + 1 < 4,5 < n} which are defined as follows. Suppose ¢ # j. Define
ti; € G to be the matrix that sends e; to —e;, sends e; to e; and leaves all
other basis elements fixed. To construct ¢; ; we will need to determine the

length of a matrix of form E; ;.

Lemma 3.1.1: Ig(E1 ) < 10k.

Proof. Let Z; be the n x n matrix with entries of 1 on the diagonal and in
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positions (i, j) for i < j < k. All other entries are zero. So Zj, has this form.

11 -~ 11
1 11
11
1

Note that Zy = x. We construct Z;,; from Z; as follows. Post multiplying
by y performs the permutation (1,7,n — 1,...2) on the columns of Z; and

multiplies the last column by § where § = (—1)"*!. So post multiplying Zj

k

by y*~! gives us the matrix of form

1 o o - o
1 o - 4]
1 4]
1

1
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Now multiplying by = adds the first column to the second column so

11 0 6 0
11 o - 0
11 0
Zkyk_lﬂf—
11
1
1

1. we apply the permutation (1,2, ...,n) to the

Now, if we post multiply by y~
columns and multiply the first column by 6. So post multiplying by 3~ (=1

gives

11 111
1 1 11
1 11
11
1

1
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which is Z;,1. So for any i € {2,3,..n — 1} we have Z;,1 = Zgy' Loy~ (71,

Hence for each 2 < k < n, we have

Zy = Zypay" 2wy~ 2,

Substituting Zy_1 = Zp_oy* 3xy~*=3) we get,

—(k-3) —(k—2)

Zy = Zy_oy" Py Y Py

= Zp_oy" Payazy*2,

Now writing Z;_» in terms of Z;_3 we have

—(k—4), k—3

Zy = Zy_sy* oy yF By tay 2

= Zi—sy* tayayay= ¢

Continuing like this we eventually have
—(k=2)

Zy = ZQy(xy)k_?’xy

and since Zy = x,
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Zy = zy(zy)F By~ 2

= (zy)" 2wy~

From Z);, we construct the matrix Y, which has form

By post multiplying the matrix Z; by %73, we repeatedly multiply the first

column by 0 then apply the permutation (1,n,n —1,...,2).
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Hence

1 11 b 9 J
1 1 1 é )
1 11 o

Zkyk_g— 111

11

1

1
1

Now post multiplying by #~! subtracts the first column from the second so

11 56 5
11 P
11 5

Ziy et = 1 1

11

|

1
1

Post multiplying by y~! gives us
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11 1 5 5
111
5
11 1
Zyy Py = 11
11
1
1
1

Now post multiplication by z=! gives us

1 1 o 0
1 1
0
1 1
Ziyt 3y e = 1 1
11
1
1
1

1

Continuing to repeatedly post multiply by 4! and 27! we eventually have
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Yk — Zkyk%i(xflyfl)(kf?))xfl

_ (xy)k—2xy(—k—2)yk—3(x—ly—1>(k—3)x—1

_ (xy)k—Ql,y—l (l‘_ly_l)(k_?’)$_1.
Pre-multiplying Y} by y performs the permutation (1,n,n—1,n—2,...2) on

the rows of Y;, and multiplies the last row by d. So

-1

Now pre-multiplying this matrix by = subtracts the second row from the

first.
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Pre multiplying by y~! now gives us
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and so
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Iflyflelyflyk — 1

0 —6

Continuing to pre multiply by 271y we eventually have

(:c_ly_l)k_QYk —
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Pre multiplying by y performs the permutation (1,2,...n) on the rows and

multiplies row 1 by 9, so

y(k72) (:L‘ilyil)kiQYk _ 1 1

We call this matrix W;. So

Wk — y(ka) (l,flyfl)(ka)}/k

_ y(ka) (xflyfl)(k72) (xy)k72xy71(xflyfl)(kfi‘s)xfl

To get E4 ) from this matrix we just need to remove the -1 entries from
above the diagonal. Using similar arguments as before, post-multiplying W}

by yxy ! gives us
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Pre-multiplying this matrix by y?zy =2 gives us
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Carrying on like this we have

By = Wiyry 'yPoy 2y ey 2

and so

El,k _ Wk(y$)(k—2)y—(k—2)

_ y(k72) (xflyfl)(k72) (xy)k72xy71(xflyfl)(kfi‘s)l,fl (yx)(k72)y7(k72)

Hence ls(E1 ) < 10k. m
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Corollary 3.1.2: Ig(E; ;) < 12n

1

Proof. Suppose 1 < k < n .Pre-multiplying E ; by y~ applies the permu-

tation (1,2,...n) to the rows and multiplies the top row by d. So

yE =

Now post multiplying by y~! performs the permutation (1,2,3,...n) on the
columns and multiplies the first column by 6. So We are left with yE yy~ =
Ej +1. By repeating this argument we have y"Ey 1y~ = Ei4y 4, providing

k 4+ r < n. Applying the same argument to any FE,; shows that we have

yEa,by_l = Eqt1p41 providing ¢, j < n.

If, i < j < n wehave E;; =y VE ;__1yy~ Y. Hence if i < j < n, we
have

Is(Eij) < Erj—i-1) +2( — 1)

<10(j — (i — 1)) +2(i — 1) < 10j — 8(i — 1).
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This shows that if ¢ < j <n then lg(E; ;) < 10n. Also it shows that a matrix

Ey,, has length of at most 10n — 8(b — 1).

Now observe that

1 1
1
yEay =y _ y~
1
1
1
51
1
1

This is E;—Lll Similarly for all 1 <b <n — 1 we have yE,,,y ' = El:ilLr

Suppose 2 < a < n. From the argument in the previous paragraph we have

Is(Ep1) =l5(Eup) ' <24 15(Ey 1) <100 —8(a — 2) + 2.
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Now if j <7 <n, we can write E; ; = y*(jfl)Ei,(j,l)Jy(j*l). So

Is(Eij) <ls(Bi-1)1) +2(j — 1)

<10n—8(i—(j—1)+2+2((—-1)<10n+10(j — 1) — 8 +2

Since ¢ > j this gives us

Is(E;;) < 10n+2(j — 1) +2 < 12n.

Lemma 3.1.3: Ig(t; ;) < 34n

Proof.

Note that, since ¢;_ jl = t;;, we only need to show how to construct ¢; ; where

j > t. The matrix E; j has form
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As mentioned in the remark above, pre-multiplying by £, i will subtract the

1st row from the kth row. So

-1
Ek,1E1,k =

Now pre-multiplying by E; ;, adds the kth row to the 1st so
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1
EyvwEp Evg = =11k

By applying 3.1.1 and 3.1.2 we see that [s(t15) < 32n. Also y"t1,y™ ™" =
titmp+m for m < n —k. So we have t;; = y Vit ;_;_1y“~Y. and hence

lg(ti,j) <34n. m

Recall that for each matrix X € N, there is a permutation 7 such that the
non-zero entries of X appear in the positions (i, 7(i)). We denote the entry
in the ith row of X as x;. We will now construct P, a monomial with entries

of £1 in positions (i, 7(7)).

We may write m as a product of disjoint cycles m = mms...m.. Suppose

m = (Piy, Pin---pi, ). Then the product P, = t, is a

ij_ 1Py, tpi,c,ypik,l "'tPil Pig
monomial matrix with the non-zero entry of the jth row appearing in the

m;(7)th column. Also (—1)%*! is the non-zero entry in the row p;, and all

other rows have a non-zero entry of 1.
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If we define P = P, P,...P, then P is monomial with the non-zero entry of
row j in the 7(j)th column. We can write P as a product of at most n of the
matrices ¢; ;. Without loss of generality we can say P has a (—1)%*"! in the
row corresponding to the last number appearing in each 7; and 1 in every

other row.

Lemma 3.1.4: Ig(P) < 34n?

Proof. This follows immediately from 3.1.3 and the discussion above. m
Define A to be the matrix

3]

ag

A

where a; = (—1)"*!z; if j is the last number appearing in one of the m; and

a; = x; otherwise. It is easy to see that AP = X. In order to construct A
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we will need to construct the matrices of form

a
a1
Ma - 1
1
where a € IF;.
Lemma 3.1.5: lg(M,) < 5np
Proof. We have
1 —a
1
4 = 1
1

Now, using the identities from the beginning of this section, post multiplying
the above matrix by (F,;)*  adds ¢! times its second column from its first

column.
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So

rY(Fyy)t = 1 = 1

)

By post multiplying by 7% we add —a times the first column to the second

column. We get

-1
—a a —a
By T = 1 = 1

Now to get M, we just post multiply by ¢; o.

We have M, = 2= %Ey 12~ %1 2. Now Eay =y "ay" so lg(Ey ;) < 2n—1. Also,

following the same proof as 3.1.3 we have t; 5 = ZEE2_11.CE So lg(tiz) <2n+1.

Now

ls(M,) <2p+ (2n—1)p+ (2n+ 1)p < dnp.
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Lemma 3.1.6: I5(A) < 6n?p

Proof.

It is easy to check that

yil-'-yilyile YMayas YMazarar - Manan_y..ary

gives the matrix A.

Each matrix M, has length of at most 5np. Hence A has length less than or

equal to 5n2p + 2n, which is less than or equal to 6n%p. =

Combining 3.1.6 with 3.1.4 we have the following corollary.

Corollary 3.1.7: If X is an arbitrary matrix in N then lg(X) < 40n%p.

Construction of U

Fix W € U and suppose
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1 Wi W13 --- W1 n
1 Wa3 - W2 n
W =
Wp—1,n
1

Let 2 < k <n and define W), to be the matrix

1 Wi2 W13 - W1k
1 wys -+ way
Wr—1,k
1
1

We can construct Wi_; from W, as follows.

Let



3. The Diameter of The Special Linear Group

66

1 ka
1 W2 L

)

Wk—1,k

Cio1 =

It is not hard to check that Cy,_;Wj,_; = Wj. Since W = W,, and Wy =

we have

7

1
W= Cn—IWn—l - Cn—lcn—2Wn—2 = . = < H Cz)
=n—1
and so, to construct W, it is enough to construct the matrices C;.

Lemma 3.1.8: 1s(Ck) < 10kp

Proof.

In the proof of 3.1.2 we saw that the matrix



3. The Diameter of The Special Linear Group 67

has length of at most 4k in S.

Now pre multiply this matrix by the product

k—1
<y(k1) H ylxwm,k1> )
m=1



3. The Diameter of The Special Linear Group 68

This gives the matrix

1 wyp—1 w1k
1 wa — 1 W,k
1
I wp_op —1
1 Wh—1 k
1
1

We need to get rid of the unwanted entries in the (7,7 4+ 1) positions. To do

this we post multiply by
1
( H (xlwm"“y)> yf(kfl)
m=k—1
to get the matrix CY.

Now we have [5(Cy) < 8k + 2kp < 10kp.
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Corollary 3.1.9: Ig(W) < 5np?

Proof. We have

n—1 n—1
Is(W) = 1s(Ci) <Y 10kp < 5n’p.
i=2 1=2

Now Theorem 1.1.2 can be deduced immediately from 3.1.7 and 3.1.9.

3.2 Proof of Theorem 1.1.3

To prove Theorem 1.1.3 we need 2.2.1, which was stated in Section 2.2. and

proved by Babai, Lubotzky and Kantor in [1].

Lemma 3.2.1: Let H = (E; ;,t;,).

Then l[g(H) < 34mnlog(p) where m is the constant from 2.2.1.

Proof. H is clearly isomorphic to SLy(p). So, from 2.2.1 we see that H
has length mlog(p) with respect to the set {E;;,t;;}. From 3.1.2 and 3.1.3
we know that [g(E;;) and ls(t;;) are both bounded above by 34n. Hence

Is(H) < 34nmlog(p). m



3. The Diameter of The Special Linear Group 70

By using this bound and following exactly the same methods as before we
may deduce Theorem 1.1.3 as follows. We begin by bounding the diameter
of N.

Lemma 3.2.2: I5(N) < 38n?logp

Proof. By 3.2.1, I5(EY;) < 34nmlogp for any q € F),.

Let P be a monomial matrix as described in the paragraph before 3.1.1. By

3.1.4, Ig(P) < 34n2.

Using the notation of 3.1.5, each matrix of form M, lies in the group gener-
ated by {ELQ,tQ,l.} Observe that t2,1 = tl_é = (ELQEQ_JIELQ)_:[. Also E2_711 =
Yy "E12y™. So lg(E12) < 2n+1 and to; has length of at most 2n+ 3, which is

at most 3n. This gives us that each matrix M, has length at most 3mn log p.

Now, the matrix A can be written as the product

y_l--~y_1y_1Ma1yMa2a1yMa3a2a1 o Mapan_y..ar Y-

Hence I5(A) < 2n + 3n’mlogp < 4n?mlogp. Since each X € N can be

written X = AP, we have [g(X) < 4n?mlogp + 34n? < 38n*mlogp.
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Lemma 3.2.3: Let W be any matrix in U. Then lg(W) < 17.5n3m log p.

Proof. In this proof we will use the same notation as we did for the proof

of 3.1.8.

Each z¥m+*~1 has length of at most 34nmlogp. As in the proof of 3.1.8, we

obtain the matrix Cj by pre-multiplying the matrix
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and then post multiplying by

has length 4k, we have I5(Cy) < 4k + 2(2k + Y ;_, 34mnklogp) < 8k +

34n*mlogp < 35n?mlogp.

Finally, since W =T1I;_, ,C) we have [g(W) < 17.5mn?log p.

Theorem 1.1.3 now follows immediately from these last two lemmas.



4. USING COMPARISON TO DETERMINE A MIXING
TIME OF THE SPECIAL LINEAR GROUP

4.1

In this chapter we prove Theorem 1.4.2. Recall that the random walk we are

studying is generated by the probability distribution, (), where () is given by

1 ,-1

g==z,y,v ",y ~orl

(S

Qg) =

0 otherwise.

In Chapter 2 we saw the mixing time of a group with respect to a given ran-
dom walk can be determined using the eigenvalues of the matrix associated
with the random walk. In particular, we saw how to bound the Variational

Distance between Q* and U, the uniform distribution on SL,(p) using 2.4.1.

To use 2.4.1 we needed bounds on the eigenvalues of the matrix corresponding

to ). These bounds could be obtained using comparison with another ran-
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dom walk. In particular2.4.3 and 2.4.4 bounded the eigenvalues of the matrix
corresponding to ) in terms of the eigenvalues of the matrix corresponding

to another random walk.

In order to establish bounds on the eigenvalues of the matrix corresponding
to () we shall use comparison with the uniform random walk on the set of

transvections in SLy,(p).

We shall use these comparison theorems with some results determined about
the character ratios on the set of transvections in SL,(p) to determine the

eigenvalues of Q).

Let @ be the uniform distribution on the set of transvections in SLy,(p).

Then Q has corresponding matrix with eigenvalues 7; .

We first determine a suitable value of A using 2.4.4. We need to determine a
bound for the values |t| and N(s,t). Now, for any transvection t, |t| = l5(t)
and N(s,t) < lg(t), so finding a bound for l5(T) where T is the set of
transvections in S will provide us with a bound for all values of |¢| and

N(s,t).

We will use the following result, which K. Magaard has proved in personal

correspondence with Martin Liebeck, and Lemma 3.1.2 to find (7).

Lemma 4.1.1: Let ¢ be a transvection in SL,(p). Then t is the product of at
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most 4n — 5 elementary matrices.

We need to introduce some notation before beginning the proof.

Recall that a transvection, t, in SL,(p) is an element that fixes an n — 1
dimensional subspace of F}; which we shall denote Cy(t). This subspace is
called the centre of t. There is a vector v; € Cy () such that, for each v in
V —Cy(t), vt = v+ av, for some a € Fy. The subspace (v;) is called the axis

of t and we denote it by [V, ¢].

For ease of notation I will use £ ;(q) to denote Ef ;. We define U;; to be the

group = {£; ;(¢)|q € Fp}. The root groups of G are the conjugates of Uj ».

In the proof of 4.1.1 we will need to consider the action of SL,(p) on the
dual space, V*, of V. Let ey, ey, ...e, be a standard basis of SL,(p) and let
f1, f2, ... fn be the corresponding dual basis of V*. We will say SL,(p) acts

on V from the right and acts on V* from the left as follows.

For any f € V* and g € SL,(p) we have (g(f)) (v) = f(vg™'). Note that

each transvection t € SL,(p) is also a transvection when it acts n V*.
We denote the centre of ¢ in V* by Cy+(t) and the axis by [V*,¢].

We will use the following three remarks in the proof of 4.1.1.

Remark 4.1.2: If ¢ is a transvection in SL,(p), then the root group of ¢ is
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the set of transvections {t?|¢ € F,}. If two transvections lie in the same root
group then they have the same axis and the same center. Conversely if two

transvections have equal center and axis, then they must lie in the same root

group.

Remark 4.1.3: Cy(Uy2) = (ea, ..., en), [V,Ur2] = (ea).
Cv«(Uip) = (f1, fs, fa.- ., fu), [V*,Ur2] = (f1). Note that Cy(Uip) =
Ker(f1).

Remark 4.1.4: Let R be a root group and ¢t € R. If s € GL(V), then
Cyv(s7'ts) = Cy(t)s, [V,s 'Rs] = [V, R]s, and Cy«(s7'ts) = s 'Cy«(2),
[V* s7'Rs] = s7'[V* R].

Proof. (of 4.1.1) Let 7 be a transvection and let v* # 0 be a vector in [V*, 7].
With respect to the standard basis of V*, v* = >""  «a;f;. As v* # 0 we have
some j for which o; # 0. Now let o0 = HiijEi7j(7~—°]ﬁ). Then ov* = «;f; and

thus by Remark 4.1.4 we see that [V*, o1 = (f;).

As in Remark 4.1.3 we have Cy(or0™!) = (e1,...,€j_1,€j41,...€,) and

[V,oro™ '] C Cy(oro™).

Any element p € GL(V') which centralizes f; stabilizes Cy (o170~ !). Let v # 0

be a vector in [V,o7o~]. Now v = >3\ Brex. For some i we must have
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B; # 0. Hence, if we let p = Hk#,jEi,k(_ﬁ—ﬁ,’“), we have pf; = f; and again by

Remark 4.1.4, [V, p~tora™tp] = [V,o10 7 p = (e;).

We know that p~to7o~!pis a transvection with axis e; and center (€1, ., €j-1,€j41, .. €p).
Thus p~toro™'pisin U;; and so p~toro~tp = E;;(a) for some o € F. As p
and o are products of elementary matrices we have now expressed 7 as the
following product of elementary matrices 7 = o~ 'pFE};(a)p~'o. The number
of factors in the product is at most 2(n — 1) +2(n — 2) + 1 = 4n — 5, as

claimed. m

Proposition 4.1.5: Let T" be the set of transvections in SL,,(p). Then ig(T") <

136mn? log p.

Proof. Each matrix E; j(c) lies in the group generated by S’ = (E;;,t; ;)
and from 2.2.1 we see that lg(E; ;(c)) < mlogp where m is the constant in
2.2.1. Also,from 3.1.2, we know that each matrix of the form E; ; and ¢; ; can
be written as a product of at most 34n elements of S. Hence Ig(E; ;(c)) <

34mn log p.
Now, applying 4.1.1, we have Ig(T) < (4n — 5)34mnlogp < 136mn?logp. m

Substituting this value into 2.4.4 we get
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A= max,gs @ dea lg|N (s, 9)@(9)
< 53, (136mn? log p)*Q(1).
= 53 ,0(136m)*n* (logp)*Q(t)

= Kn*log?p

where K is a constant.

Next we bound 7. Since the support of Q is a single conjugacy class, from
2.5.1 we see that the eigenvalues of M are the character ratios )’;’J’—((tl)) where p

is an irreducible representation of G and t is a transvection.

In 2.5.2 these ratios are bounded above by %.

Ix(z)| ~ 19

Now we have (D] %

and so m; < %.

Now
1—m 1-4 1
m<1- <l]-—20 =71
t= A 20A
We can write 2(+A > W where K’ is a constant So we have m <

1 1

~ K'n%(logp)?”
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Now we can use 2.4.2 to bound the eigenvalue m g ;.

2
—mg-1 > —1+2Q(id) = -1+ 5

Hence |7¢|—1| is bounded above by % and the largest eigenvalue 7, is bounded

1

above by 1-— W.

We can now prove Theorem 1.4.2.

Proof. We have

41Q* — U|I* < |G|t

1 2%
< (1o — -
=P ( K’n4(logp)2)

) ok
S eXp|n 1ng— W

. K'n%(log p)® — 2k
~ P\ T Eni(logp) )
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This shows that the mixing time of SL,(p) is of order n®(log p)?.



5. THE DIAMETER OF THE SYMPLECTIC GROUP
OVER FINITE FIELDS WITH PRIME ORDER

5.1 Definitions and Notation

In this chapter we will prove 1.1.3 and 1.1.5. Let G denote the Symplectic
group of 2n x 2n matrices over [F, where p is an odd prime. We order the
symplectic basis of ]Ff,” as €1, €a, ...n, fn, fu_1,.--f1. Any matrix in G may be

written

A B
C D

where A, B,C and D are n X n matrices.

Recall that, in Chapter 1, we defined a generating set of Spa,(p) as follows.
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Using the notation of Chapter 3, define v to be the matrix

where z is the element of our generating set of SL,(p) described in Chapter
1 and at the beginning of Chapter 3. Recall that =7 means the inverse
transpose of x conjugated by the matrix J, which is described just before the

statement of 2.1.4. By 2.1.4 v lies in Spa,(p).

Define w to be the product

-TJ

Then v is a short root element of G and w is a a member of the Weyl group
of G. We shall show the set S’ = {v*! w*!} generates G’ and determine a

bound for lg/(G).
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We may use similar methods to those used in Chapter 3 to express matrices as
products of our generators. Since the generators we use to generate Spa,(p)
are similar to those we used to generate SL,(p) we may also use some results

from Chapter 3 .

In particular, in early sections of the proof,we will often be dealing with

matrices of form

A 0
0 A—TJ

where A=Y denotes the inverse transpose of A conjugated by the matrix J.

By 2.1.4, these matrices lie in Spa,(p).

Observe that left multiplying the matrix above by v would give us

TA 0
0 (zA)"T/

The identities from chapter 3 can now enable us to work out how matrices

may be written as the product of elements of S’.

We deal with multiplication by w in a similar way to how we dealt with .
In particular, post-multiplication by w can be thought of as applying the
permutation (1,n+ 1,n+2,....2n,n — 1,n — 2,...,2). to the columns of the
matrix, followed by reversing the sign of all entries in the n+ 1th column.Pre-

multiplication by w can be thought of as applying the permutation (1,2, ...n—
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1,2n,2n — 1,...n) to the rows followed by reversing the sign of all entries in

the 1st row.

From 2.1.2 we know that we may write G = BN B where N is the subgroup of
monomials in G and B is the group of upper triangular matrices. Since each
matrix in B is the product of a diagonal matrix with an upper uni-triangular
matrix we may write G = UNU and so it is sufficient to determine the

diameters of U and N.

In order to construct either of these subgroups we need to construct the root
groups of G as products of our generators in S’. We begin by constructing

the short root elements.

5.2 Construction of Short Root Elements

Define F; ; to be the matrix

Ei,j 0
-TJ
0 E;;

where E; ; is the same as described in Chapter 3. The matrices F; ; are short

root elements of G.
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Lemma 5.2.1: Fix k < n. Then lg/(F; ) < 10k.

Proof. Let Z; be the 2n x 2n matrix of form

Zy, 0

0o z;

where Z;, is as described in Lemma 3.1.2.

Note that Z) = v. We construct Z;_, from Zj as follows. Post multiplying
by w performs the permutation (1,n+1,n+2...,2n,n—1,n—2,...2) on the
columns of Z; and multiplies the (n — 1)th and (n + 1)th column by —1.So
Z1 w1 looks like this.
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0 0 * * 0 0 * *
0 0 * 0 0 * *
0 0 * 0 0 =* *
0 0 * * 0 0 * *

Here we keep track of possible non-zero matrix entries with stars.

Now, multiplying by v adds the first column to the second and subtracts the

2n — 1th column from the 2nth. Hence Z;w*~Yv looks like this.
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—1 —1 —1

1 1 1 1

101 4

1 1

1
1

0 0 * * 0 0 * *
0 0 * * 0 0 * *
0 0 * * 0 0 * *
0 0 * 0 0 * *

Now post-multiplying by w™! performs the permutation (1,2,...n,2n,2n —
1,..n+1) to the columns and multiplies the first column by —1 so Zjw*~Yyw=*-1

looks like this.
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Since we are certain that the bottom left and top right quadrants are zero,
2.1.4 tells us that the bottom right quadrant is Zk_fl‘] and so we have ended
up with the matrix Z; ;. So for any i € {2,3,..n — 1} we have Z],, =

Z!w Vw01 Hence for each 2 < k < n, we have

7y, = Zp_w* Dy~ =2,

Substituting Z; _, = Z_,w*ow=*=3) we get,

7). = Z;,_oyw D= F3) (=) gy~ (h=2)

= Z;_;w*Dpwow 2,
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Now writing Z;_, in terms of Z;_, we have

7 = Z;,_qw " Do~ * DB yeppp=*-2)

k—4) k—2)

= Z,273w( vwowy~*2,

Continuing like this we eventually have

7). = Zhw(vw)* Sow= k-2

and since 7)), = v,

Z), = (vw)F2ow=*2),

From Z; we construct the matrix Y, which has form
Yi 0

0 Y];TJ

where Y}, is as described in 3.1.2.

By post multiplying the matrix Z; by w3 we repeatedly apply the per-

mutation (1,n + 1,n +2,.2n,n — 1,n — 2...,2) and multiply the n + 1th
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column by —1.

Hence we get a matrix of form

[
=
=R e e e

0 0 0 * * 0 0 * *
0 0 0 * * 0 0 * *
0 0o o0 * * 0 0 * *
0 0o o0 * * 0 0 * *

1

Now post multiplying by v~" subtracts the first column from the second so

the Z,w*3y~1 has form
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1 1 —1 —1 —1
1 1 —1 —1
1 1 —1 —1
1 1 —1
1 1

1 1

1

0 0 0 =« * 0 0 .
0O 0 0 * * 0 0 * *
0O 0 0 = * 0 0 x* *
0 0 0 * * 0 0 * *

Post multiplying by w™! gives us
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1 1 1 —1 —1 —1
1 1 1 —1 1
1 1 1 —1
1 1 1
1 1
1 1
1
o 0 O * *\ [ 0 .. ... 0 x *
0 0 0o 0 * * [ R 0 * *
0O 0 0 0 = * 0 v e 0 =x *
0O 0 0 0 = * 0 v e 0 x *

Now post multiplication by v~! gives us
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1 1 -1 -1 -1
1 1 -1 -1
1 1 -1
1 1
1 1

11

1

0 0 0 0 = * 0 e e 0 N
0 0 0 0 * * [ R 0 * %
0 0 0 0 = * [0 0 = *
0 0 0 0 = * [0 I 0 = *

1

Continuing to repeatedly post multiply by w™! and v~! we eventually have

Yk/ — lecw(k—?)) (v—lw—l)(k—fﬂ)v—l
_ (,Uw)k72vw7(k72)w(k73)(,Uflwfl)(kffi)vfl

— (vw)k*%w*l (U71w71>(k73)vfll

Hence Y, has length of at most 4k.

Pre-multiplying Y} by w™! performs the permutation (1, n+1,n+2,...2n,n,n—

1,...2) on the rows of Y, and multiplies n + 1th row by -1. This gives us the
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following matrix.

0 0 (V)

1 1
0 0 (V)

1 1

1 1

1 1

1
0 0 0o 0

1

0 0 0o 0
* * * *
0 0 0o 0
—1 [ 0 -1 * * * *
* * .- * *
* * - * *
* * - * *

Now pre-multiplying by v~! subtracts the second row from the first and adds

the 2n — 1th row to the 2nth. So we have
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0o 0 (O]

1 -1 0
0 0 (O]

1 1

1 1

1 1

1
0o o0 (O]

1

(O] [V
* * * *
0 0 0 0
-1 0 0 -1 * * * *
* * * *
* * * *
* * . * *

1

Pre-multiplying by w™" again we get
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0o 0 .. (O]

1 1
0 (O]

1 1

1

1
1
0o 0 (S
1

0o 0 0o o
* * * *
* * * *
1 1 0o 0 0 0
-1 0 .0. —1 00 00
* * * *
* * * *
* * . * *

By continuing to pre-multiply by v 'w~! and then post multiplying by w3

we end up with the matrix
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We need to remove the —1 entries from the top-left matrix. To do this we
first post multiply by w to move our first unwanted entry into the second
column. Then we post multiply by v. This adds the first column to the second
column, which eliminates the -1 entry. By multiplying by wv repeatedly, we
end up eliminating the unwanted —1s. Now multiplying by w2 we have

the matrix F7 .

So our matrix Fj; may be written as w*2(v'w )Y/ (wv)F 3wk 3. So

ZS’(Fl,k) < lS’(Y]Q + 4k < 10k. =

Corollary 5.2.2: Suppose i # j and 4, j < n. Then lg(F;;) < 12n.
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Proof. First suppose i < j. We have wF, w! = a+1,b+1- Hence F;; can
be obtained by conjugating a matrix of form Fj, by w up to n — k times
and so lg/(F;;) < 10k + 2(n — k) = 8k + 2n < 10n. Finally observe that

Fji=w"Fjw™. =

5.3 Construction of Long Root Elements

Recall that the matrix E;; is the matrix I + e; ;. The matrices Ej2,,—;11 for

1 <4 < 2n are long root elements in G.

Lemma 5.3.1: ls/((ELQn)Q) < 10n

Proof. We have

2n—1 n
(Uw)n—lv(w—lv—1>n—1 =+ Z (6172‘) + Z(ezﬂn) + 2@12” =
i=n-+1 =2
2n—1 n
Ese+ D (eni) + Y (€ion)-
i=n+1 =2

This matrix has the following form.
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We wish to remove the entries of 1 in the top right quadrant. Pre-multiplying

by w™ (v~ tw™!)"! leaves us with the matrix

) 0 0 2
1 1
. 0
! 0 0
L -TJ
0
1 1
1

Now we need to remove the entries above the diagonal. We achieve this by

~(n-2)

)" Sow :

post multiplying by w(vw

So we have (Ej 2,)? = w™ Y (v~ tw= 1)~ (vw)"to(w o) tw(vw) " SBow =2,

Hence lg/((E7,,)) < 10n. =
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Lemma 5.3.2: Suppose ¢ € F,. Then I5(EY,,) < 10pn. For 1 < i < n we

Proof. Suppose 1 < i < n. We have wV(EZ, )w= 0~V = E; 7 ... Hence

Is(E;5n_iy1) < 12n.

Now observe that, since p is odd, for 1 <1 < n, E. 22n generates the group

{E32n’q S IF;} u

5.4 Construction of N

Define r; to be the matrix in GG sending e; to f; and — f; to e;. So r; has entries
of 1 in positions (k, k) for k # i, 2n—i+1, an entry of 1 in position (7, 2n—i+1)

and an entry of -1 in position (2n — i+ 1,4). Let R = (ry, 79, ..., 7).
Define H to be the group

M 0
| M is a monomial in GL,(p)

0 M—TJ

An arbitrary matrix in N may be written as the product of some h € H and
at most n of the r;. Also, each element of H is the product of a diagonal

matrix with a matrix of form
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where P is a permutation matrix in G L, (p). Hence, to construct N we need
to work out the maximum possible lengths of each of the r;, each diagonal

matrix in H and each matrix of form P’.

We shall now construct each r; from the long roots of G. Note that pre-
multiplying a matrix by £;; adds the ith column to the jth column. Post

multiplying a matrix by £;; adds the jth row to the ¢th row.
Lemma 5.4.1: lg/(r;) < 32pn

Proof. From the discussion above we see

—1
EI,QnEQn’l - E1,2n -

Post multiplying this matrix by F 5, subtracts the 1st row from the 2nth

row and so r; = El,anQ_n11E1_2ln~
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By 5.3.2, ls/(E4 2,) < 10np. Also we have Es, 1 = w"E; 2,w™" and so

ls/(Eanq) < 2n+ 10np < 1lnp.

Hence the length of r; is less than 31pn. Finally observe that wriw="! = r,

and if 2 < 7 < n, then wrjw_l =7j_1. W

Now we construct the diagonal matrices in H. Let a € F,. We'll first construct

diagonal matrices of form D, where D, has entry a in rows 1 and 2n — 1,

1

entry @~ in rows 2 and 2n and ones along the rest of the diagonal. That is

Define s; ; to be the matrix that sends e; to e;, e; to —e;, fi to —f;, and f;

to f;. So, in the notation of the previous section,
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Lemma 5.4.2: lg/(s;;) < 32n.

Proof. Observe that

Figbyi by =
E,; 0 E;l 0 E; 0 B
-TJ TJ =TJ
Ei;E; ' E;; 0
0 (BB Biy)™™

Looking back to the proof of 3.2.5 we see that Ei,jEjfilEi7j = t;; and so the

above matrix is precisely s; ;. Now apply 5.2.2. m

Let a € F, and define ¢, to be the matrix in GG that sends e; to ae; and f;

to a"lf;. So

a
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Lemma 5.4.3: ls/(q,) < 64np

Proof. Since E;”; = w"E5,w™, by applying 5.3.2 we have g (E5) <

12n. Hence lg/(Ey,1)? < 12np for any ¢ € F,,.

Let a € F, As discussed earlier, post-multiplication by E73, adds the 1st

column of a matrix to its 2nth column —a times. Hence

—a __
E1,2n -

Now pre-multiplying this by £, will add the 2nth row to the 1st row —a

times. This leaves us with the matrix
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To get g, we now just multiply by r;. Hence ¢, = (Efé’n)(E%ll)(Efgn)rl So

by the previous paragraph, 5.3.2 and 5.4.1, ls/(¢,) < 64np. m

Lemma 5.4.4: lg/(D,) < 5np

Proof. We have

—a

a1l —a
v 2’1 v 8172 —

o 0 B, 0 o 0 tia 0
0 (x—a)—TJ 0 (Eéz’;l)—TJ 0 (x—a)—TJ 0 tl—’gj
l’_aEgill’_atl,g 0

0 (x_aEg;ll’_atLg)_TJ
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From 3.1.5 we see this is equal to

which is precisely the matrix D,. Since s;2 = UFQ_le we have [g/(s12) <

2n + 3. Now applying 5.2.2 we have ls/(D,) < 5np. =

Lemma 5.4.5: Suppose D is a diagonal matrix in H. Then lg (D) < 32pn?.

Proof.

Let D be the diagonal matrix in Spsy,(p) with entry d; in row i for 1 < i <n.

Now
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1
d;t
dn,
1
wa;lw_1 =
1
d!
dn,
1
Multiplying by D4,.4,_,)-1 gives the matrix
(dnd,, 1)
dn—1
dn,
1
1
d;!
dn,
1

By continuing to conjugate by w and multiplying by matrices of form D, we
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see that

—(n=2)

w an’lwand;iledndn_ld;12"'wandn_l-..dz’l

(dodsdy...dn) "t
da
ds

dn—1
dn

da
(dodsdy...dp) 1

Now it is easy to see that multiplying by qa,dyds..4, We are left with the matrix

D.

Using 5.4.4, and 5.4.3 we see ls/(D) < 5n?p+ 64pn. This is less than or equal

to 5n?p + 32n%p and so lg/(D) < 37Tn?p.

Lemma 5.4.6: lg/(H) < 69n?p
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Proof. Suppose

n o 0 H
= € .
0 h—TJ

Then there exists a permutation © € S, such that the non-zero entry in row

1

i of b appears in the 7(i)th column of A'. Now 7' may be written as a

product of transpositions, 7173...7, where k < n. Suppose 7; = (a;, b;) then

P 0 k

'
P = = H Sag,bi

0o p 1T/ i=1

is a monomial matrix where the ith row entry of P appears in the 7—!(i)th

column. Applying 5.4.2 we have the length of this matrix is 32n2p.

Also WP’ is diagonal. So ' = (P")~'D for some diagonal matrix, D and by
5.4.5, lg(R') is less than 69n%p. =

Corollary 5.4.7: lg/(N) < 101n?p

Proof. This follows directly from 5.4.1, 5.4.6 and the discussion at the

beginning of the section. m
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5.5 Construction of U

Each matrix in U is a product of a matrix of form

where X; and X, are upper uni-triangular matrices in SL,(p), and a one of

form

I M
0 I

Note that each entry (m; ;) of M has the property m;; = my_ji11n—it1-

We construct the matrices of form X in a similar way to the upper uni-

triangular matrices from Chapter 3.

Suppose X is as described above. Then as shown in 3.1.9,
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where

S [bo0
e 0 b‘fTJ

and we now need to work out the length of each of these matrices.

Lemma 5.5.1: Ig/(X’) < 5pn?.

Proof.

From the proof of 5.2.1 we know (vw)* 2v(w~1v=1)*=2 has form

-TJ

Pre-multiplying this matrix by (w(kfl) Hfﬂ;ll wilvwmvk“) gives the matrix
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Q 0
O Q_TJ
where
1 Wik — 1 W1k
1 woy — 1 W2,k
1
1 wp_op—1
Q =
1 Wy—1k
1

k—2

mzl(vl_wm»kw)> w*~2) eliminates the entries

Finally post multiplying by (H

above the diagonal and leaves us with b,.” Hence [g (b)) < 10pk.
Now l4(X") <> ls (b)) < 5n’p. m
To construct M’ we will need to use the long roots of G.

Define M, to be the matrix
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k n
M, =1+ g My n—kt1€in—k+1 T E MM, j€k,j-
i=1 J=n—k+1

So M, is the matrix

1 My p k41

Mg n—k+41

Ml n— k41 My n

Now it is easy to see that

Mle...Mn = MI

We now need to construct the matrices M.
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Lemma 5.5.2: Fix 2 < k <n. Then lgs (M) < 32pn + 11pk.

Proof. In this proof we only illustrate the top right quadrants of the matri-
ces. In each case the top left and bottom right quadrants will be the identity

and the bottom left will be the zero matrix.

Define L, to be the matrix with top right quadrant

Mrg—12n—k+1

1 Mk41,2n—k+2

and L3 to be the matrix
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Mg—22n—k+1
MEg—12n—k+1

1 ME41,2n—k+2  Mkt12n—k+3

B j—1 2n
andsoon. So L; = I4eon—k+1+ 1, mk—(j—z‘),2n—k+1€¢,2n—j+1+zi:n+]~+1 Mk 2n—k+j—1€5n+i-

Define r to be the smallest number such that L, has some non-zero m;;
entries. Now, for j < r, the matrices L; are precisely the matrices £} p,—j11.

We now construct L, from Ej 2;,—y41.

. M _ —1 m . . . .
The matrix Fy 2 EL o, 1 B0 is the matrix with top right quad-

rant
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2
Mk—r+1,2n—k+1 My i1 2n—k+1

1 ME—r4+1,2n—k+1

If we remove the entry in the top right hand corner we will be left with L,.

2
T 1 20— k41

We achieve this by post-multiplying by F ,,
Now suppose j > r. We can construct L, from Lj;.

Set ¢; = min{c € N|my_c k11 # 0.} So ¢; is the first row in L; to have a

non zero entry in its top right quadrant.

We construct Ljy; from L; as follows. We first conjugate L; by w. The

product wL;w™1 has top right quadrant
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0

Mg—(j—1),n—k+1

Mmg—2 n—k+1
Mg—1n—k+1

1 Mpgn—kre - Mg 0

We now aim to place an entry of my_; k41 in the top row. If my_j 41 =0

we are done.

If my—jn—it1 # 0, set ¢; = min{c € N|my_cn_r+1 # 0.}. So ¢; is the first
row in L; to have a non zero entry in its top right quadrant. By repeatedly
adding the c;th row to the first row we get the required entry in the top row.

We do this by repeatedly pre-multiplying by £ ;. The matrix

—1
My i ey m— ME—j+1,k —
(FLCJ-) k—(j—c;),n—k+1 J ijw 1

has top right quadrant
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MEg—jn—k+1

ME—(j—1),n—k+1

Mmg—2 n—k+1
Mg—1n—k+1

1 Mi k2 - Mg, 0O

Then we add the j — ¢;th column to the last column to place the right entry

in the last column. We have

—1
my ~ . _ Mg—j4+1,k _ _ —1' w
Ljj1 = (Fi,) "0menmbat By = L ap(FY jg, )~ emsw st

We have shown that to get Lj_; from L, we conjugate by w up to k times
and multiply by powers of the Fi .. up to 2k times. Now the total length

contributed by the Fi ., is at most

k—1
> lgi(Fre )P
j=2
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T
L

<.
I|
¥

Now the total sum of the ¢; cannot be greater than k. Hence the contri-
bution of the Fi . is at most 10pk. Also, L, contained E}, and a power
of F9,. By 5.3.1 and 5.3.2 these together give a contribution of less than
20np. Accounting for the number of times we conjugate by w, we have

Now My only differs from Ly_; in the entry in position (k,2n — k + 1).
To obtain My from Lj_; we need to repeatedly add the kth column to the
(2n — k+ 1)th column until we have the correct entry in this position. Hence
My, = Ly Flym i~ Now we have s (M) < 1lpk + 20np + 12np =

32np + 11pk. =
Corollary 5.5.3: lg/(M') < 38n?p
Proof. From the discussion earlier, M’ = M;M,...M,,. Hence

lo(M") < Zn:lsl(Mi)

<> (32pn + 11pk) < 38n°p.
=1
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Now from the discussion at the beginning of this section we have

Corollary 5.5.4: 1s/(U) < 43n?p

Combining this with 5.4.7 we now have Theorem 1.1.5.

The diameter of G with respect to S’ is at most 187n?p.

5.6 Another Bound for The Diameter

Finally, we prove Theorem 1.1.6.

Lemma 5.6.1: Let the matrix D, be as described in 5.4.4. Then ls/(D,) <

4mnlog p, where m is the constant from 2.2.1.

Proof. Firstly observe that sy; = F1,2F2’711F1,2. Also Fy; = w™vw™. So
ls/(Fy1) < 2n+1 and lg(s21) < 2n + 3 < 4n. Now,the group generated by

591 and F} o is equal to the group of matrices of form

0 AT/



5. The Diameter of The Symplectic Group over Finite Fields with Prime Order 121

where A has non-zero determinant and has form

From the result by Babai, Lubotzky and Kantor, 2.2.1, we also know that
the diameter of the group with respect to the set {s21, F12} is mlogp where
m is a constant that does not depend on n or p. Since each matrix D, lies
in this group, the length of D, with respect to the set {F} 2, $21} is at most

mlogp and so lg(D,) < dmnlogp. m

Lemma 5.6.2: Let D be a diagonal matrix in Sp(2n,p). Then ls (D) <
133m/n*logp where m’ = max{m,c}. Here m denotes the constant from

2.2.1 and c is the constant from 2.2.3.

Proof. Recall that from 5.3.1 we have lg/((F}2,)%) < 10n and from 5.4.2 we

have lg/(s95,,1) < 32n.

Now using 2.2.3 we see that the set T = {(E)2,)?, (E2n1)?} generates the

group of matrices with form



5. The Diameter of The Symplectic Group over Finite Fields with Prime Order 122

c d

in G and this group of matrices has diameter clogp with respect to T.
Hence Ir((E12,)9) < m'logp, where m’ = max{m, c}, and so lg/((E1,2,)?) <
32m/nlogp. Similarly each lg/((Ea,1)*) and lg/(r1)* (where the r; are the
matrices constructed in 5.4.1) are each bounded above by 32m'nlogp for

each a € F,.
Since qu = E12nE3, 1 B120(r1)® we have lg(q,) < 128mnlogp.

As in 5.4.5, we can write D as the product of n — 1 of the D,, one matrix
of form g, and 2n elements of S’. Hence we have ls(D) < 4m'n*logp +

128m'nlog p + 2n. Since n > 2 we can bound this above by 133m/n?logp. m

Lemma 5.6.3: ls/(N) < 288m/n*logp

Proof. Any matrix in H can be written as P~'D where D is diagonal
and P is as described in 5.4.6 . Now P is a product of n of the s;; and
has length at most 32n2. So, applying 5.6.2 any matrix in H has length

less than 165m/n?logp. Any matrix in N is the product of a matrix in H
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with at most n of the r;, which have length of at most 128'mn log p. Hence
ls(N) < 288m'n’logp. =

Lemma 5.6.4: Suppose X' is as described in 5.5.1. Then lg/(X’) < 32n3log p.

Proof. In the proof of 5.5.1 we saw that the matrix X’ could be written as
a product of less than n? of the matrices of form v? and w. where ¢ € F,,.
Since each matrix v? has length of at most 32m/nlogp, the length of X' is

bounded above by 32n3logp. m

Lemma 5.6.5: In the notation of 5.5.2, l5(My) < 129m/nk log p+2n+96m/'n log p.

Proof. Let a € ;. By copying the proof of 5.2.1, we can see that

(Fre) = w2 (1) ™) 2 (0"w0) ™ (w(e?) ) w (07) et

Since lg/(v?) < 32m/nlog p, we have lg/(Fy ;) < 129mnk log p.

Recall that the matrix L;_; is the product of a number of matrices of form

Fi ., 2n of the matrix w, a power of E; 9, and a power of Ey, ;.

The total length contributed by the Fy . is 129mnklog p. Also lg/(EY,,) and
ls/(Ea,1)? have length at most 32m/n log p. Hence lg/(Lk—1) < 129m/nk log p+

2n + 64m’nlog p.
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Now M, = Lk_lF,:;k;L’fkkjll_l. Now lg/(F;;) < 12n by 5.2.2. By a a similar

argument to that in 5.6.1 we see that F; ; has length of at most m'logp with

1

respect to the set {F};,s;;}. Hence lg/(an_kH)m;cwn*kH_ < 32m/nlog p.

This gives us that lg (M) < 129m/nklogp + 2n + 96m/nlogp. m
Corollary 5.6.6: Ig(M) < 163m/n?log p.
Proof. Set M; = I + my 9,E1 2,. Then

< Z 129nck log p + 2n + 96m/nlog p
k=1

< 65n°m’klog p + 2n* 4 96m/n* log p

< 163m/n3logp

Now we may deduce 1.1.6 from the previous corollary, 5.6.4 and 5.6.3.



6. USING COMPARISON TO DETERMINE A MIXING
TIME OF THE SYMPLECTIC GROUP

6.1

In this chapter we prove Theorem 1.1.6. We establish an upper bound on
the mixing time of G = Spy,(p) given by a random walk with respect to the
uniform distribution on the set S’ = {I,v*!, w*'}, described in Chapter 5.

We call this probability distribution, @), so @ is given by

S

Qlg) =

0 otherwise.

As in Chapter 4, we will bound the mixing time of G with respect to this
random walk by bounding the distance between Q* and U, the uniform

distribution on G. To do this we will need to use 2.4.1.

To use 2.4.1 we’ll need to bound the eigenvalues of the matrix associated
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with Q). To do this, we will use comparison with the random walk given by

the uniform distribution on the set of short root elements in Spa,(p).

Let Q be the uniform distribution on the set of short root elements in G.

Then @ has corresponding matrix M with eigenvalues 7; .

To bound the eigenvalues 7; we’ll use 2.4.3 and 2.4.4. We first determine a
suitable value of A in 2.4.4. Let T be the set of short root elements in G.
Note that, if ¢ € T, then N(s,t) and |t| are both bounded above by lg(G),

which was shown to be less than Kn?3logp for some constant K in 1.1.6.

A= maxscg ﬁ Egec lgIN (s, 9)@(9)
< 5Y e (Kntlogp)Q0).
= 5%, (K?)n(logp)*Q(t)

= K?n%log? p.

So, using 2.4.4, m; is bounded above by 1 — m.

As in Chapter 4, we can establish a bound on 7; with the following result

using 2.5.2. Again, since the support of ) is a single conjugacy class we

know, from 2.5.1, that the eigenvalues of M are the character ratios ;Z—((?)



6. Using Comparison to Determine a Mixing Time of the Symplectic Group 127

where p is an irreducible representation of GG and ¢ is a short root element in

G.

Theorem 2.5.2 bounds the absolute values of these above by %.

Now we have % < % and so ; < %-
Now
1— 7 — 3 1
m<1-— t<1- 0 —=1— —
L= A~ A 20A
. 1 1 1
Since 77 2 soRTRREme We have M < 1 — mrmsggye-

By using 2.4.2 we now can bound —mg—; above by % which gives us that

5. We are

the largest eigenvalue, 7,4, is bounded above by 1 — m

now ready to prove 1.4.3.

Proof. Let K’ = 20K?2. Using 2.4.1 we have

41Q° - Ull < |G|t

) 1 2k
< |l]l- —
=P ( K’nﬁ(logp)Q)
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) 2%k
S eXp|n 1ng— W

. K'n%(logp)® — 2k
- K'nS(logp)* )~

Hence the mixing time of Sp,(p) is of order n®(logp)3.
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